Perturbation of / -copies and measure convergence in preduals of von Neumann algebras 



H. Pfitzner 
Abstract 

Let be the predual of a von Neumann algebra with a finite faithful normal trace. We show that a 
bounded sequence in converges to in measure if and only if each of its subsequences admits another 
subsequence which converges to in norm or spans "almost isometrically" . Furthermore we give a 
quantitative version of an essentially known result concerning the perturbation of a sequence spanning 
isomorphically in the dual of a C*-algebra. 



§1 Introduction, main results 

The present article deals with convergence in probability in L^-spaces from a functional analytic point of 
view. The L^-spaces in question are the preduals of von Neumann algebras with finite faithful normal traces. 
To consider an easy example we look at the commutative case: Let (57, be a finite measure space, let 
ifn) be a bounded sequence in E, fj,). If (appropriately chosen representatives of) the /„ have pairwise 

disjoint supports then clearly (/„) converges to in measure. From the functional analytic point of view 
such a sequence, up to normalization, is the canonical basis of an isometric copy of l^. If one perturbes (/„) 
by a norm null sequence (gn) then (/„ + gn) still /x-convcrgcs to and spans almost isometrically (in a 
sense to be made precise below in §2). It has been known jl^, Th. 2] (see also jl^, Th. 3, Rem. 6bis]) for 
quite a time that, roughly speaking, these are essentially the only examples of ^-nuU sequences. 

Theorem]^ contains the analogous statement for the predual of a von Neumann algebra with finite faithful 
normal trace. (For notation and definitions see §2.) 

Theorem 1 Let (a;„) be a bounded sequence in L^(A/', r) — A/"* where (A/", r) is a von Neumann algebra with 
a finite normal faithful trace r. Then the following assertions are equivalent. 

(i) Xn^ 0. 

(a) For each subsequence {x„,,) of (x„) there are a subsequence (xn^^) and a sequence (yi) of pairwise 
orthogonal elements ofh^{J\f,T) such that ||a;„^^ — yi\\i — > 0. 

(Hi) For each subsequence (x„j.) of (xn) there is a subsequence (a;„^^ ) which tends to in || • ||i or spans l^ 
almost isometrically. 

(iv) For each subsequence {xn^) of {xn) there is a subsequence (a;„^^ ) which tends to m || • ||i or spans l^ 
asymptotically. 

The implications (i) ^ (Hi) (iv) hold also for unbounded sequences (xn), the implications (Hi) ^ 

(ii), (i) do not. 

Implication (i)^(ii) has already appeard as a special case of a result of Sukochev ||2^, Prop. 2.2]. The 
other nontrivial implication (iii)=>(ii) follows immediately from Theorem || which holds for the predual of 
any von Neumann algebra and is of independent interest: 

Theorem 2 Let M be an arbitrary von Neumann algebra and {(j)m) o, bounded sequence in its predual A/"*. 
// {(l>m) spans l^ almost isometrically then there are a subsequence {4>mi) of {<pm) md a sequence {(pi) of 
pairwise orthogonal functionals in AC such that \\(t>mi ~ ~^ as I oo. 

This amounts to saying that there are pairwise orthogonal projections si and pairwise orthogonal projections 
ti in Af such that \\4'mi — ^/0m, S'll ^ as I —i- oo. 

It is natural to ask what can be improved in Theorem |2| if one replaces the predual of the von Neumann 
algebra by the dual of a C*-algebra. At the time of this writing this is not clear. What we have among other 
things is 

Proposition 3 Let {4>m) be o, bounded sequence that spans l^ almost isometrically in the dual of an arbitrary 
C* -algebra A. Then, given e > 0, there are pairwise orthogonal positive normalized elements (an) and 
pairwise orthogonal positive normalized elements (6„) in A such that ||</'m„ — ^n0m„an|| < £ for an appropriate 
subsequence (j)m„ and all n €TN . 
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For a more detailed discussion see §6. 



As to the organization of the paper, after recalhng some notation and definitions in the next section we 
gather some auxihary results in §3 in order to prove Theorem ^ in §4. In §5 we prove Theorem |l| for the sake 
of completeness although, as already mentionned, it follows essentially from |20, Prop. 2.2] and Theorem^. 
In §6 perturbations of Z ^-copies in the dual of C*-algebras are considered. 



§2 Notation, definitions 

Let (xn) be a sequence of nonzero elements in a Banach space X. 

We say that spans r-isomorphically or just isomorphically if there exists r > (trivially r < 1) 
such that r{J2'^=i\(^n\) < II X^^i yf^ll — X^^i lo^nl fo^' scalars a„ (the second inequality being 
trivial). 

We say that (a;„) spans almost isometrically if there is a sequence (dm) in [0, 1[ tending to such that 

(1 - U EZm l«nl < II EZn. "n^^^ll < EZm l«nl for all TU G TN . 

Trivially the property of spanning almost isometrically passes to subsequences. Recall that James' 
distortion theorem (see or Q]) for says that every isomorphic copy of contains an almost isometric 
copy of l^. To be more precise, let r > 0, [0, 1[9 Sn — > 0, and let {xn) be a normalized basis spanning 
r-isomorphically. Then it follows from the proof of that there is a sequence (A^) of scalars and a sequence 
(F„) of pairwise disjoint finite subsets of M such that (1 - S^) Y.n=m l""l ^ II Y^n^m "»2/".ll < Y.n=m l^^nl 
for all scalars a„ and all to e IN where y„ = X]j;e_F ^i^i ^^-d where X^jgf l-^d ^ r fo'^ ^ ^ 

Finally (x„) is said to span asymptotically isometrically or just to span l^ asymptotically if there 
is a sequence ((5„) in [0, 1[ tending to such that I],T=i(l " ^n)|a„| < HLJ^Li ""nfrfll ^ J2n=i\'^n\ 
for all scalars a„. We say that a Banach space is isomorphic (respectively almost isometric, respectively 
asymptotically isometric) to if it has a basis with the corresponding property. Clearly a sequence spanning 
l^ asymptotically spans l^ almost isometrically. The main result of [^j states that the converse does not hold 
because there are almost isometric copies of l^ which do not contain l^ asymptotically. However, it follows 
from ]l8| that this cannot happen in the predual of a von Neumann algebra because each sequence spanning 
l^ almost isometrically in a von Neumann predual contains a sequence spanning l^ asymptotically (cf. (iii) 

(iv) in the proof of Theorem |l|). Note that the present definitions of almost and asymptotically isometric 
differ slightly from those in jl^ by the term a;„/||a;„|| but that, of course, for normahzed sequences the 
definitions are the same. Note also the technical detail that because of this term one might have ||a;n|| — > 
for a sequence spanning l^ isomorphically (or almost or asymptotically isometrically) whereas sequences that 
are equivalent to the canonical Z^-basis (y, p. 43]) are uniformly bounded away from 0. 

The dual of a Banach space X is denoted by X'. We work with complex scalars. Two elements a, 6 of 
a C*-algebra are called orthogonal - aJ-b in symbols - if ab* — — a*b. Two elements 0, ip of the predual 
of a von Neumann algebra are called orthogonal - (/)_L^ in symbols - if they have orthogonal right and 
orthogonal left support projections. It is well know that (/jJ-tp if and only if the linear span of and is 
isometrically isomorphic to the two-dimensional I2', if </> and ip are positive they are orthogonal if and only 
if||</>-V|| = ||<>|| + ||^||. 

Let A/" be a von Neumann algebra, a G J\f, 4> G AC then a(f) denotes the normal functional J\f 3 x ^-i- (j){xa) 
and 0a denotes the normal functional A/" 9 a; i~> 0(aa:). 

Let r be a finite faithful normal trace on a von Neumann algebra A/". The set I — {x G N\ T(|a;|) < 00} 
is an ideal in AT, can be normed by x ^ t{\x\) =: \\x\\i and its Banach space completion is denoted 
by L^ = L^(A/', t). It is well-known that L^ is isometrically isomorphic to the predual A/"* via the map 
L^ 9 X f-^ e A/"* where 4>x{y) = T{xy) for y G J\f and where r is understood as the (well-defined) 
extension of t from / to L^ |2^, V.2.18]. In particular, the multiplication on A/" x / can be extended to 
Af X L^, the map x 1-^ (px respects orthogonality and one has |T(a;j/)| < ||a;||i||y||oo for x € L^, y £ L°° = 
L°°(A/', r) :— J\f. More generally one can define L^'(A/', r)-spaces, 1 < p < 00, as the sets of those a; G L*^ 
for which ||a;||p :== T{\x\Py^P < 00 where L^ = L°(A/',r) is the space of r-measurable densely defined (in 
general unbounded) operators affiliated with Af and where r is understood as the extension of r from Af 
to L°. On L° one defines the measure topology as the translation invariant topology in which the sets 
{x e L"| 3p e A/proj '■ xp £ Af, ||2;p||oo < e, t{p^) < S}, e,S > 0, form a base of the zero neighborhoods. 
{Nproj denotes the set of projections of A/".) In this topology, L" becomes a (well-defined) metrizable complete 
Hausdorff topological vector *-algebra and all U' embed injectively in L°. In particular, sum and product 
are well-defined in L". All this (for the more general case of a semifinite trace) can be found for example in 
0, d, Ch. 1] or m. 
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If a sequence (x„) in L" converges to x G L° this is denoted by x„ ^ x. In this context Chebyshev's 
inequahty reads ''"(x]e,oo[(|3^l)) ^ ''"(j'l^l) = j^ll^^lli for x £ - which means in particular that the norm 
topology is finer than the measure topology induced by r - and from A48] we know that in accordance 
with the commutative case, x„ — > if and only if T(x]e.oo[(|2;n|)) — *■ as n — > oo for all e > 0. 

Basic properties and definitions which are not explained here can be found in Q or in ]l2|-[p^ for Banach 
spaces and in Q, |^ for C*-algebras. 



§3 Some auxiliary results 

Let us first state an easy lemma which says that almost isometric and asymptotically isometric /^-copies are 
stable with respect to perturbations by norm null sequences. 

Lemma 4 Let be two sequences in a Banach space X such that inf |la:„|l > 0, \\yn\\ ^ and 

Xn + 2/ri ^ 0. 

If (xn) spans almost isometrically then so does (a;„ +yn)- 
If (xn) spans asymptotically then so does {xn + yn)- 

Proof: Suppose that (a;„) spans l^ almost isometrically. For all scalar sequences (a„) one has 



\\Xn+yn\ 



oo oo II II ^ 

II \^ II II \^ W^nW \ II II Vn || 

- II ^ II " II ^ K+y^^raii ~ II ^ """K+^ii 

> ((1 - Y: l«nl) - (sup 1 - „ """" J E |a„|) - (sup I"" 

OO 

= (i-oEi""i 

n—m 

where 5^ = 5^ + sup„>„j |1 - n^^^^p^l + sup„>,„ ||^'[^_^]'^^|| ^ as m ^ c». Hence (a:„ + j/„) spans l^ almost 
isomorphically. The asymptotic case is proved similarly. ■ 

Lemmas js] - [t] seem to be known and are proved mainly for lack of suitable reference. (In part they overlap 
with ll7[ Lcm. 3-5].) 

Lemma 5 Let A be a C* -algebra, w a positive functional on A and a, b elements of the unit ball of A. Then 

\\au;-u;\\ < {2\\lu\\)^^^ \ \\uj\\ ~ Lu{a)\^/'^ (1) 
||c^a-c^|| < (2||cj||)i/2| ll^ll _tj(a)|i/2 (2) 
\\buja-Lu\\ < (2||c^||)i/2(| ||^||_,^(a)|i/2 + | ||^||_^(5)|i/2) (3) 

Proof: Let x £ A and ||a;|| < 1. Set 7 — \\u;\\ — Lj{a), thus uj{a*) — \\uj\\ — 7. Without loss of generahty we 
assume ||cj|| = 1. The inequality of Cauchy-Schwarz yields 

LO^xx*) w((l — a)*(l — a)) 
< w((l — a)*(l — a)) = Lu{l — a) — ^{a* — a*a) 
= 7- (1 -7) + Lj(a*a) < 2Re7 < 2|l-w(a)| 

whence (|l|); (||) follows analogously; (||) follows from and from — 6aja|| < ||ti> — + |16(ti> — ti>a)|l < 

\\uj — bLu\\ + \\uj — wall ■ 

Lemma 6 Let A be a C* -algebra, cf) a functional on A and a,b in the unit ball of A. Then 

U-a\cb\\\ < (2||</-||)V2 |||0||_0*(a)|V2 (4) 
|||0|-a0|| < (2||</.||)i/2 |||^||_^(a)|i/2 (5) 

\Ha-cb\\ < (2||</-||)V2 + (6) 
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Proof. Let (j) = u\(f)\ be the polar decomposition of 4>. Then the polar decomposition of (j>* is (f>* = u*\(j)*\ (cf. 
the proof of (21], III. 4. 2]), we have (j) — \(j)*\u, \(f>\ — u*(t) — \(j>\* = (j)*u. Without loss of generality we assume 
11011=1. 

Inequality (g) follows from 



||a0 - |(/.| II = ||a«|0| - 101 II f |2(1 - mau))\'/^ - |2(1 - ^a))]^/'. 

Replacing 4> by 4>* we have ||a(/)* - |</)*| || < |2(1 - (/)*(a))|i/2 whence (|) by 
\\a\^\ - 011 = II (a0* - 10* Dull < ||a0* - |0*| ||. (|) follows from 

||0-50a|| < 110- 6011 + ||60- 60a|| 

= II |0*|u-6|0*|u|| + ||5u|0|-6w|0|a|| 
< 1110*1-610*111 + 11 |0|-|0|a|| 

(2|l</'||)^/'(|||</'||-|01(6)| + |||0||-|0|(a)|)i/^ 



Lemma 7 Let Af be a von Neumann algebra with predual AC . // a functional a in the unit ball of A/"* , 
projections r,l €z Af and a number (3 e]0, 1[ are such thatr{\(7\) > 1-/3 andl{\a*\) > 1-/3 then ||cr-r|| < 5y/P 

Proof ||Zar-a|| <2V^by(|)and||^-;ar|| -i^^||/ar|| </3+||a||-||/ar|| </3+||a-/ar|| < 

thus ||a-T|| < 5^/;3. ■ 

We recall some more definitions and notation. Let A be a C*-algebra. A projection p € A" is called open 
if it is the limit of an increasing net of positive elements of A (|l^, 3.11], |^). If p G A" is open then 
B" = pA"p where B = pA"p n A is a hereditary subalgebra. A projection q G A" is called closed if there 
is an open projection p e A" such that q = p'^ where p'^ denotes the complement \ — p oi p. (This makes 
sense also if A is not unital because one always has 1 £ A" .) By definition the closure p of a projection 
p G A" is the infimum of all closed projections majorizing p. xm denotes the characteristic function of a 
set M. By functional calculus X]e,i](^) (respectively X[e,i]i^)) is an open (respectively closed) projection in 
A" if 1 > e > 0, a; e A, < X < 1, because X]e,i] (respectively Xle,i]) is the pointwise limit of an increasing 
(respectively decreasing) sequence of continuous functions on [0, 1] (cf. [Q, II. 3]). As to X]e,i](^) this is easy 
but as to X[e.i](x) a bit more attention must be paid to the case where A is not unital; in this case one works 
with the unitisation Ai of A. Therfore, in order to avoid complications in the non- unital case we state 
Lemma ||only for unital A (although the lemma holds also in the non- unital case). 
The following Lemma ^ is a natural generalisation of ||l^, Lem. 5] . 

Lemma 8 Let A be a unital C* -algebra. For each e > and each n G IN there is 5 = 5{n,e) > with the 
following property. 

If there are functionals 0i, . . . , 0„ in the unit ball of A' and open projections s,t g A" such that 

n n n 

(l-5)^|a,| < ||^afct0fcs|| <^|afc| V(«fe) C C (7) 
11 1 

then there are open projections pi, . . . ,p„ € sA" s with pairwise orthogonal closures in sA"s and open pro- 
jections gi, . . . , g„ e tA"t with pairwise orthogonal closures in tA"t such that 

Pfe(|0fc|) > (l-e)ll<^fe|| (8) 
g,(|0:i) > (l-£)||0fc|| (9) 

for k — 1, . . . ,n. 

In particular the (pu cire close to normalized orthogonal elements "tpk on sAt in the sense that ||0fe — ?Afe|| < 
where ■0^ = qk4'kPk/\\qk(t'kPk\\ are normalized and pairwise orthogonal with left (right) supports majorized by 
t (by s). 

Proof, (a) First we suppose s ~t = \ and deal only with the special case 
(al) of positive functionals 0^. 
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Let e > 0. For n = 1 choose an a: > in the unit ball of A such that (/'i(x) > 1 — e and set pi = qi = X]o,i](a^), 
(5(l,e)=£. 

Suppose now that the assertion holds true (for positive functionals, for s = t = I and) for n G IN. By 
hypothesis on n we choose 6n = S{n,e) We define 6n+i > such that 6n+i + (32n(5„+i)^/^ < 5n- Consider 
positive functionals 4>k, k = 1, . . . , n+1, in the unit ball of A such that || ctk'f'kW > i^^Sn+i) ^"^^ {o-kl- 

Set <T = i X^i </'fc and T = (/)„+i. Then (1 - 5„+i)(|a| + < \\aa + /?r|| < |a| + for all scalars 
a, p. In particular ||cr — r|| > 2(1 — (5„+i). There is a selfadjoint normalized element x G A such that 
(cr — t){x) > 2(1 — 25n+i)- Decompose x ^ + x~ in its negative and positive parts. Then (tr — t){x) = 
(cr(2;+) + r(2;")) - ((T(a;-) + T(a;+)) > 2(1 - 2(5„+i) whence a{x+) > 2(1 - 2(5„+i) - r(a;-) > 1 - ASn+i 
and similarly 0„+i(a::~) > 1 — ASn+i- Together with ipkix'^) < 1 this gives ipkix^) > 1 — inSn+i for all 
k — I,. . . ,n because otherwise one would have na^x'^) < 1 — AnSn+i + ('^ ^ 1) = '^(1 ^ 'i^n+i)- Define 
P = Xl»),i](a;+), Pn+i = X]v,i]i^~) where 77 > is such that 

p{<j>k) > l-4n6n+i forfc=l,...,n (10) 
and p„+i((/)„+i) > 1 - 4(5„+i > 1 - e 

By functional calculus the projections p and Pn+i are open and have orthogonal closures. B ~ pA"pr\A C A 
is a hereditary subalgebra of A. This explains the equality sign in the following formula: 

n n n 

\\^ak{p(l)kP)\\ > W^akMl - \\^ak{(l)k - p(l)kp)\\ 
1 11 

n n 

(1 - 5n+i) ^ - v/32n(5„+i |afc| 
1 1 

n 

(l-<5„)El"^-l- 

1 

By induction hypothesis applied to B and to 4>k\B one gets n open projections pi, . . . ,pn G B" with pairwise 
orthogonal closures in B" - whence in A" - such that (||) holds for /c = 1, . . . , n + 1. Furthermore, (^) holds 
with (7fe = pk because we have supposed 0. This proves the case where s — t — 1 for positive functionals 

(a2) For the case of arbitrary functionals (but still with s = t — 1) suppose that the lemma is false. Then 
there are e > 0, a sequence (Ai) of C*-algebras, and (f)k,i G {Ai)i such that for each i G M, 

n n n 

(i--)EI"'=i<iiE"^-<^'».'II^Eki v(afc)cGD (11) 

k=l k=l k=l 

but for each i G IN the (l)k,i are far from orthogonal functionals, more precisely 

minpfc_i(|(/)fc,i|) < 1 - e or miiiqk,ii\(f)l i\) < I - e (12) 

k<.n k<n ' 

for all sequences {pk,i)k=i and ((Zfe,i)fe=i °f open projections with orthogonal closures in A'l . 

We recall some basic facts on ultraproducts (see e.g. Q]). If is an ultrafilter on an index set / the 
ultraproduct X — {Xi)/U of a family {Xi)i^i of Banach spaces is defined as the quotient l°°{Xi)/ci^{Xi) 
where 1°°{X,) = {{x.,).,ei\ \\{xi)t = sup,^ < 00} and Cn{X,) = {(xO»g/ S l^iX^)\ lim^ = 0}. 
With the quotient norm X becomes a Banach space. By [xi]u we denote the equivalence class represented 
by {xi)iQi G ?°°(Xi). One has ||[a;i]w|l — limz^||a;i|| independently of the representative of [xi]u- The 
ultraproduct {X^)/U of the duals can be identified isometrically with a closed subspace of the dual X' via 
[a;-]iY([2^i]w) — x'^{xi). An ultraproduct A = {Ai)/U of a family of C*-algebras Ai is canonically a 
C*-algebra with pointwisc multiplication and involution because in this case the null space CQ{Xi) is an ideal 
in A. 

Let now / = IN and U he a. free ultrafilter on IN and set A — {Ai)/U. For each element -0 G A' of 
the form tp = [tpilu we have = [iV'il]^/ and \tp*\ = [To see this choose a = [ai]i( in the unit 

ball of A such that ||ai|| = 1 and tp{a) = \imu'ipi{ai) = \imu \\ipi\\ — 1. Then 1-01 — a-il) = [ai^]^^ and 
II - aM\ < (2| IIV'.II - i/'^(a.)|)i/2 ^ by (|) of Lemma || hence |0| = [\^,\]u. For 10*1 = [|V*|W the 
proof is analogous.] 

The n functionals \4>k\ = \\4>k,i Wu and the n functionals |0^| — [|0^ JJ^/ are pairwise orthogonal because the 
0fc = [4'k,i]u are so by (pT|). Since the statement of the Lemma has been proved for positive functionals 



afe^felslls 

1 



> 
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(and for s = i = 1) there are, for each i G /, two finite sequences {pk,i)k=iJ (9fc,i)fc=i of open projections 
with pairwisc orthogonal closures in such that Virau pk^i{(l)k,i) = [Pk,i]u{4'k) = 1 and liuiK qk^i{4>k i) 



[Qk,i]u{<t>k) = 1 fo'' ^ = l,...,rt which contradicts ( |l2|) and thus proves the lemma for the case where 
s = t = l. 

(b) Now we turn to the general case of arbitrary open projections s,t G A". We assume without loss of 
generality that \\4)k\\ — 1- After what has been proved in (a), we further assume without loss of generality 
that the ipk are pairwise orthogonal because (0) remains valid if t(j)ks is replaced by 0^. Then the are 
orthogonal and so are the |0^|. Thus we may further assume that 

n n n n 

\\J2ak\<Pk\\\=J2\^k\ and |1 ^ "'^-l<^fcl II = E l^'^l (^3) 
11 11 

for all scalars ak G C Let (pk = Uk\4>k\ be the polar decomposition then 

1 - <5 t llt'^fcsll = \\tuk\M4 = II \tuk\4>k\s\ II = si\ituk\Ms)\) < si\(f>k\) 



where the last inequality follows from |21, III. 4. 9]. Analogously ^(10^1) > 1 — S. Hence by (|6|) of Lemma if 
S is small enough, t(j)ks is a small perturbation of (j)k and since the absolut value is norm continuous on von 
Neumann preduals IIL4.10], \t<j)ks\ is a small perturbation of \(pk\, and |s0^t| is a small perturbation of 
\4>*k\- Finally, in view of (|l^) we may without loss of generality replace (0) by 

n n n 

(l-5)^|a,| < ll^afclt^fcslll <^|afc| V(afc)cD (14) 

11 1 

n n 71 

(l-<5)^|afc|<||^afe|s(/.:t|||<^|a,| V(afe)cC (15) 
11 1 

in the statement of the lemma. It remains to apply part (a) to the hereditary subalgebra sA"s n A and 
to tA"t n A (because the support projection of \t(f)ks\ (of |s0^i|) is majorized by s (by t)). This yields the 
desired open projections pk G {sA"s n A)" = sA"s and qk G tA"t satisfying (^) and (^) if S is small enough. 
The last assertion of the lemma is immediate from Lemma |^. ■ 



Corollary 9 Let M he a von Neumann algebra. For each e > and each n G IN there is 6 = S{n,s) > 
with the following property. 

If there are functionals 0i, . . . , 0„ in the unit ball of and (arbitrary) projections s,t £ M such that 

n n n 

{l-S)J2\(^k\<\\Y.aktc^ks\\<J2\"^\ V(afc)cC (16) 
11 1 

then there are pairwise orthogonal projections pi , . . . , p„ G sMs and pairwise orthogonal projections qi , . . . , (7„ G 
tMt such that 

||<^fc - V-fell < £ fork^l,...,n (17) 

where ijjk = qk(f'kPk/\\qk(t>kPk\\- 

Proof. For s = t ~ 1 the assertion is immediate from Lemma ^ and Lemma 0. For arbitrary projections 
s, t G A/" we proceede as in part (b) of the proof of Lemma || in order to show that (^ can be replaced by 
(|lj) and (|l^) and to apply this to the subalgebras sAfs and tJVt. ■ 



§4 Proof of Theorem H] 

Without loss of generality we assume that \\(f>m\\ = 1 for all m G IN. Let (?7„) be a sequence of positive 
numbers such that ^ rjn converges. 
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By induction on n = 1, 2, ... we construct an increasing sequence (m„) in IN, functionals iplnl G AC for 
k = 1, . . . ,n, such that for all n G IN: 

iV-t^l ^ kJ = l,...,n, k^l, (18) 

liV'Llll = 1 k = l,...,n (19) 

II^S-V'LT'^II < fc = l,...,n-l, (20) 

IIV'S-0™J| < Vn. (21) 



For n = 1 one may simply set ^ml = (t>i) (ll^j n = 1) and (|20| , n — I) are void, (19, n = 1) and (^, n = 1) 
are trivial. 

Induction step rn-^ n + I. 

Suppose TOfc and ipml to be constructed for A; = 1, . . . , n according to ([l8| ) - (^. 

Choose (5i = (5(n, 77n+i/2) > according to Corollary^ such that furthermore Si < T]n+i/2. Let j G IN be 
such that (2/j)-^/^ < 5i. Now, again according to Corollary |9[ choose — S{nj,rin+i)- 

Since {(f>m) spans almost isometrically there is an index mg such that {(t)m)m>mo spans (1 — Sq)- 
isomorphically. By Corollary ^ (with s = t = 1, S = Sq) we find a finite set A'^ C IN of cardinality nj (for 
example N = {toq + 1, . . . , mo + nj}), a finite sequence of orthogonal projections (j>m)meN in A/" such that 

Urn - iit"^"',, H < Vn+1 VmG7V„+i. (22) 
\\(PmPni\\ 

Set 4> = X^^^i iV'mil- is positive. We have {J2meN P"i){4>) 1^ \\4'\\ 1^ n. Thus there is an index m„+i G N 
such that < pjn^_^^{(l)) < 1/j and < Pm„+i (IV'S I) ^ 1/j for = 1, . . . , n. We set s = 1 — |5m„+i ^-^d 
define 'ijjm^^^ = V'mis for fc = 1, . . . , n and 



||0m„+iPm„4.i II 



Then (|l|, n+l) holds for fc = n+1 and (|l|, n+l) holds by (H). We have KIV-S I) = II V'm.^ II -Pm„+i (IV'S I) > 
1 - 1/j by (|l|). From this and (|) one gets that 

ll^t+^^-<^ll<(2/jy/^<'5i<^, fc = l,...,n. (23) 
Thus, up to 5i the Tpmt^^ &re near to an isometric copy of because 

E la.l > II = II E«fe^t+'^^ll 

fc^l k^l k^l 

n n 



> 



k=l k=l 



E"fe^t'ii-(2/jr/'Ei"^i 

k=l k=l 



^ (i-(2/.)^/^)EKI 

fc=l 



> (l-^i)V|afc|. 



fc=i 



It remains to apply Corollary ^ another time (with t ~ 1, S = Si) in order to get small normalized orthogonal 
perturbations tl'mt^^ ~ whence ( p^ , n + l) for fc < n - of the "ipm^^^ whose right supports are majorized by s 
and thus orthogonal to the right support of ^m^^'^ such that W'ipm^^'' — i^m^^'^W < ??ri+i/2 for k = 1, . . . , n. 



Together with (^) this gives (^ n + l). Finally one verifies ([1^, n + l) by observing that the support 
projections of the I'lpm^^^l are the right supports of the ipm^^^ This ends the induction. 

By construction, {ipml)nGTN is a Cauchy sequence for each k because \\tpml — V'mlll ^ J2?=i+i 'y; ^ as 
n > i ^ oo. Let V'fc = lim„ V'mi be its limit. Then Wipk - 4>Tnk\\ < 110™^ - ipmlW + IIV'S - lim„ V'SlI < 
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rjk + X]t:A;+i as A: ^ oo. The ipk have pairwise orthogonal right supports because by continuity of 
the absolute value III.4.10]), if k ^ I one has 

® hm II K^l 11 + II II = 11^.11 + 11^/11- 

n — >oo 

So far we have proved that if (0m) spans almost isometrically then there is a subsequence {<t>mk) ^nd 
there are pairwise orthogonal projections G A/" (namely the right support projections of the ipk) such that 
ll0mfc-<^mfcSfc|| < ||^f)mfc-'0fc|| + ll^fcSfc-(/im^Sfc|| < 2 1| (/)m^ -i/jfe || ^0. Siucc (0;;, J spaus almost isomctrically, 
too, there are pairwise orthogonal projections ti € M such that ||(/)* . — (fi* tAl —^0 for an appropriate 

sequence (wfe,) in IN. Set 0/ = ti(j>rn^^Ski. Then ||0,„^^ - 0/|| < ||(/)mj^^ - (f>m^^SkM + ||(0mfe, - ti'/'m^j )s/c, || < 

The second statement of the theorem is trivial by the definiton of the (f>i . This ends the proof. ■ 

From Remark 2 after the proof of Theorem |l] at the end of the next section it follows that Theorem || does 
not hold for unbounded sequences {4>m)- 



§5 Proof of Theorem |l| 

(i) (ii). Let {xn^) be a subsequence of (x„). If (Xn^) contains a sequence (a;„^,^) such that Xn^^ = for all 
I £ IN then we simply choose ?/; = for / G IN. Otherwise we may (pass to another subsequence and) suppose 
that ||a;nfc||i 7^ for all fc e IN. By norm density of n L°° in and the fact that the norm topology is 
finer than the measure topology we may suppose without loss of generality that =/= ||a;nfc|loo < oo for all 
fc G IN. We set e; = 2-Vr(l) for / e IN. 

By induction over Z g IN we construct a strictly increasing subsequence (n^J of (rtfc), projections pi E Af 
and positive numbers 5i such that for alH G IN 

t(pi) < 6i where pi = X]6i,aol{\xnk^ \) (24) 

and where 

if / > 2. (25) 



max \\Xn. ||oo 



For Z = 1 we choose n^-^ — ni and any Si > t(pi). For the induction step I I + 1 we suppose fik^, pm, 
and Sjn to be constructed for m = 1, . . . , Z, we define Si^i by ( p5| ) and choose ri/cj+i such that 

T(X]e, + i,oo[(|a;nfc,^J) < Sl+1 

which is possible because x„ 0. We define pi+i by (p^. This settles (p^ , / + 1) and ends the induction. 
By (25) we have 

A _ / ' ' o-(>-+l) ^ 

Ol+l+r — li n — 't. n — 

maXm<;+r ll^Crt;,^ II oo ys^nfej ||oo 

for r G IN U {0} which gives 

^ 5„^^5,^,^,<^__. (26) 

m>l+l r>0 I 

Put qi = 1 — y ,n>i+iPm ^^'^ yi ~ ^"fc, ipi ^ Qi)- By construction the yi have pairwise orthogonal right 
support projections and their left support projections are majorized by the ones of the Xn^^ ■ We show that 
ll^^rifej — yi\\i 0. In order to save indices we use the abbreviations x = Xn^^ , P = Ph Q = <lh V = Vi until the 
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end of formula (^7|): 



< 


T — XT)\ \ 1 


1 1 1 a^y y 1 1 i 








1 + ||a;(p- (pAq))|| 


1 


< 




oot(1) + ||a;||ooT(p- 


- (pAg)) 


(*) 


11 NIX[0,e,] 


(|.T|)||„or(l) + ||.T||o, 


T(^(pVg) -qj 




£iT(l) + II 


^11 ^ / 1 ^\ 

X\\ooT[l - q) 




< 


eir{l) + \\ 


m>l+l 




(24), (Eel 
< 


2-(i-i)_ 







(27) 



For (*) we used that p — {p A q) and (pV q) — q are equivalent projections for any two projections p, q (pi], 
V.1.6]) hence r(p — {p A qj) = t{{p V q) — q). 

So far we have proved that given a r-nuU subsequence (a;„j. ) there are Xn^^ and there are yi whose right 
supports are orthogonal and whose left supports are majorized by the left supports of the x„j.^ such that 

lla^Ti;,^ — yi\\i — > 0. In particular, iji ^ whence y^* ^ 0. Thus we can apply the same reasoning (up to 
passing to appropriate subsequences) in order to find perturbations of the which have both orthogonal 
right and orthogonal left supports such that ||yi — — \\yi — ?/f||i ^ hence ||x„^^ ~ vWi 0. This ends 
the proof of (i) (ii). 

(ii) => (i) Since r is finite and the yi are pairwise orthogonal we have that ^ 0. And \\xn^^ ~ ViW ^ 
entails x„^^ —yi^O hence Xn^^ 0. Thus each subsequence of (a;„) contains a subsequence which converges 
to in measure whence Xn —> 0- 

(ii) => (iii) follows from Lemma |[ Suppose (ii) holds and inf ||a:„j^||i > for a subsequence (xn^) of (a;„). 
Then by (n), there are orthogonal yi and there is (xn^^ ) such that ||a;„^^ — yi\\i ^ 0- One may suppose that 
inf II y; 111 > hence (yi) spans isometrically. Thus by Lemma |[ the sequence (xn^^ ) = {vi + i^n^^ ~ Vi)) 
spans almost isometrically. 

(iii) (iv): Von Neumann preduals are L-embedded spaces |^, IV. 1.1], thus by |l^ each sequence spanning 
almost isometrically admits a subsequence spanning asymptotically. 

(iv) =^ (iii) is trivial. 

(iii) (ii) follows from Theorem |[ 

See the following Remark 2 for an example which shows that in general (iii) does not imply (i), (ii) for 
unbounded sequences (a;„). ■ 

Remarks: 

1. As an illustration of how to get an orthogonal subsequence consider the sequence Xn = 'T-l[o,i/n] in 
Li([0, 1]). One may take, for example, y; = Xnil\i/ni+ui] = '^/l]i/n,+i,i/n,] where = 2^2'). 

2. In general (iii) does not imply (i), neither (ii), if the sequence (a;„) is unbounded. Take the bounded 
sequence Xn — n^^[i/n+i, i/n[ + ^ L^([0: !])• It converges to zero in measure and does not contain a norm 
null sequence. Hence by (i)=>(iii) an appropriate subsequence (xn^) spans almost isometrically. Thus 
the unbounded sequence {n^Xn^) satisfies (iii) but not (i). It cannot satisfy (ii) either because (ii) <4> (i) 
holds also for unbounded sequences. This means in particular that Theorem ^jdoes not hold for unbounded 
sequences (</)„,)• 

3. A few straightforward modifications show that (i)<;=>(ii) holds accordingly also for L^'(A/', r), 1 < p < oo. 
(Cf. 0.) 
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§6 ^^-copies in the dual of C*-algebras, proof of Proposition ^ 



The proof of the main result of gives the following: Let {4>m) C A' be a bounded sequence of selfadjoint 
functional on a C*-algebra A, let e > 0. If {(pm) spans r-isomorphically (0 < r < 1) then there is a 
subsequence ((/>m„) and there is a sequence (x„) of pairwise orthogonal normalized selfadjoint elements of 
A such that 0m„(a;„) > (1 — £)?'||0m„||- This amounts to saying that |?!'m„|(|a;„|) > (1 — e)?'||0m„|| (to see 
this it is enough to decompose both and Xn in their positive and negative parts) or that, via Lemma 
^, \\4>m„ — o.n4>m 0"n\\ wherc a„ = \xn\. This is Lemma |l^ for selfadjoint 0™ with the better factor r 
instead of in (E9|) and (|30| ) . 

With Lemmaffat one's disposal, the proof of Lemma |l^ - and thus of Proposition ^ - is a straightforward 
modification of and gives a kind of quantitative version of [O which holds for arbitrary functionals, not 
only selfadjoint ones. (We give the entire proof of Proposition]^ not only for the sake of completeness but 
also because it is quite lengthy wherefore the usual argument " The details are left to the reader" would be 
exaggerated.) Yet, it docs not complete the subject "perturbations of ^^-copies in C*-algebras" as at least 
two questions remain open. 

Firstly, is it necessary in Theorem ^ or in Proposition ^ to pass to subsequences? In the commutative 
case it is not, as a result of Dor ||ll| shows that, if Af* ~ L^([0, 1]) contains a (1 — (5)-isomorphic copy of 
then the whole canonical basis of this copy can be perturbed in norm so to span isometrically with the 
perturbation smaller than 6' and (5' — s- as (5 — > 0. Furthermore Arazy |^ proved that if the predual of an 
arbitrary von Neumann algebra Af contains a (1 — (5)-copy of then the whole copy is complemented by a 
projection whose norm is majorized by 1 + (5' - a result which has recently been generalized by N. Ozawa 
p5[ to the category of operator spaces. 

Secondly, can the (m„), (a„) and (6„) in Proposition^ be arranged such that — 6n0m„in|| ^ as 

n — * ool [Let us sketch in passing why this would generalize Lemma |l^. If {(t>m) C A' is normalized and 
spans r-isomorphically then by James' distortion theorem there are blocks ipn — X^ieF ^i'^i spanning 
almost isometrically such that J2i£F — ^1"^- Now, if there are appropriate an,bn G A such that 
\\ipn — bn'ipnO.nW (after passing, if necessary, to an appropriate subsequence of (V'n)), one deduces that 
IV'ral(ara) > VI — £„ with < e„ ^ 0. Thus for each n there is in & Fn such that \4>i^\{an) > (1 — en)r'^ 
because otherwise by [^l|. III. 4. 7] one would have the contradiction 

< l^n|(a„)-| ^ A,</.,|(a„)< (^|A.|||0.||)'^'(5]|A,|(|0,|(a2)))'^' 

ieF„ F„ _F„ 



1 / \ 1/2 

< - max|0,|(a,^J < Vl - £„• 
r \ F„ J 



Similarly one obtains |0*^|(6„) > (1 — Sn)''^-] 

Proposition |^ follows immediately from Lemma |l^ (and (^ of Lemma ^ with s = 1 = t. The technical 
part concerning s,i is added because it might be usefuU for answering the second question just mcntionned 
above. 

Lemma 10 Let A be a C* -algebra (unital or not), r > 0, let {(jim) be a normalized sequence in A' spanning 
r-isomorphically that is such that 

^ II ^ H l""l ^("") ^ '^^ (28) 

Then, given £ > 0, there are a sequence {mn) in IN and a sequence (a„) of pairwise orthogonal positive 
normalized elements in A and another sequence (&„) of pairwise orthogonal positive normalized elements in 
A such that 

|0mj(a„) > {l-ey (29) 
irmjibn) > {l-ey (30) 

for each n e IN. 

Moreover, if s and t are open projections in A" such that s (t) majorizes the right (left) supports of all (jj^n 
(that is t(j)mS — (j)m for all m (^TN) then one can obtain in addition that a„ £ sA"s and bn G tA"t. 
Moreover, if the (pm are selfadjoint one can obtain in addition |(/)m,J(an) = I'/'mnK^") > (1 — £)f instead of 
(H) and (|g). 
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Proof: First we suppose that A is unital. 

It is enough to construct a sequence (p„) of orthogonal open projections in sA" s such that 

I'/'mJbrO > {l-ey (31) 

for an appropriate subsequence {4>mn) because then, by the definition of open projections, for all n g IN 
positive elements a„ < Pn can be choosen so to be pairwise orthogonal (since the Pn are) and so to satisfy 
(p9|); finally, since ( p8|) remains valid if (/)* is substituted for (/)„ the same reasoning that leads to (|9|) shows 
the existence of a sequence (6„) in tA"t as desired in (30). 

Let < e < 1 and choose a sequence (e„) of positive numbers such that ^e„ = e and £„ < | for all 
n e IN. 

By induction over n = 1,2,... we construct a sequence (pn) of open projections in sA" s, a sequence of 
indices (m„), a decreasing sequence (Nn) of infinite subsets of IN, i.e. • • • C A^n+i C Nn C ■ ■ ■ C Ni C Nq = 
IN, such that we have for all n e IN: 

p;^ e sA"s (32) 
Pi Jhi = Vi < n (33) 

m<Pm\) < ^r^el ymeNn (34) 

n 

Pn(|0mj) > r2(l-^e,) (35) 
1 

m„ e iV„_i. (36) 

We start the induction with n = 1. 

Choose ji £ IN with 1/ji < r^ef/72. For ji and si/A Lemma || yields a number 5i — 5i {ji , ei /4) > 
and without loss of generality we assume 6i < £i/4. By James' distortion theorem applied to ( Pq ) there 
are pairwise disjoint finite sets f!:^^ C A^o = IN, a finite sequence (a|^^) p(i) C C and functional ri^^ = 

X], cP<i' A^^Vi for fc e IN, such that 

(l-^i)^|a,| < ||^a,rW||<^|afc| V(afc),e^„cD. (38) 
fc>i fe>i fc>i 

Again by Lemma [s] there are pairwise orthogonal open projections p^^' € sA"s, k < ji, such that 

Pi"(kfe'^l)>(l-£i/4)l|rf^ll yk<n, (39) 
and since the projections can be chosen to have orthogonal closures in sA" s we have 

Ji 

1 

Therefore there exist a ki < ji and an infinite set A^i C iVo such that 

^(|</'™|) < - < 4? VmeiVi. (40) 
Set pi = ri = tII\ Fi = Fj^^K Then (|2|) holds for n = 1. Now we infer that 



Pidnl) V llnlKi - ^) ^ (1 - s,)(i - j) > (1 - j)' > VT^i, 



which in turn yields the existence of an index mi £ Fi d Nq as desired in (35) and ( |36| ) for n = 1, because 
otherwise we would have 



Pi(lnl) - Pi(lE^r^ 
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'< (Eii^l'V.iO'^CEi'.d^'"*!):"' 



< 



^1 



Here inequality {*) follows from H^, III. 4. 7]. For n=l) nothing needs to be proved. Inequality n=l) 
corresponds to (^0|). The first induction step is done. 

Induction step n ^ n + 1: 

Suppose pk, Nk, rrik to be constructed for fc < n according to - (^). 

Since the pk are orthogonal in sA"s, J2iPk is closed by [|l|, Th. II. 7]. Therefore s„ = s — J2iPk £ sA"s is 

open. Set 0„ = (/imSn. 

Claim: 

The normalized functionals f-TT^) form an -basis with 

V |l</)m II ' mgiV„ 

1 meN„ meN„ WfrnW 



< E l"™l V(a„)™eAr,. C D. (41) 



Set 77 = % El et- Then 



(s - s„)(|<^™|) = (E^j d"^™!) < ^ Vm e A^„, (42) 
1 

thus since s(|^m|) = ||(/)„i|| = 1 

|!0mS„ -(/.™|| < |2(||(/.,„|1 -S„(|(/)™|))|l/2 

= (2Ep,.(|0„,|))'/' Vm e 7V„; (43) 

1 

further we note that for all m G 

\\4>m\\ < |10,„|1=1, (44) 

~ (43) ^ 

O<1-||0™|| = Urn\\-Um\\<Um~<l)rn\\ < (45) 

II 0m II § 1-^2^, (46) 



hence 



(44) 

^ ^^-1= (1-Il<^"ll 



HmW HmW ^ ' ||0n 

72^ 

1- 



and 



^-</'™|| < II^-0™|| + II0. 

ll<Pm|| II0' 
(47) (@) 



rn V^m 



(47) 



< v^(l + ^ _^ ) <3v/2^ (48) 
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because e < 1, r < 1, thus < 1/2. Then (|l|) follows from 



II (/^m I 

^(l-3V2^)^|a„ 



1 N„ 



1/2. 

> E I"" 



and the Claim is established. 



Choose a number j„+i e IN such that l/jn+i < r^e^_|_;^/4. Further choose a number (5„+i — 6n+i{jn+i,£n+i/'^} > 
according to Lemma ^ and such that moreover 6n+i < Now we apply James' distortion theorem. 

By ( ^Tl) there are pairwise disjoint finite sets Pj,"^^'' C Nn, a finite sequence (A^"^^'')^g^(n+i) C C and 
functionals r,'-"^"'^-' = V. „(,i+i) A.-""''^-' for each fc e IN such that 



E l^r^^l < Vfc e M, (49) 



(l-<S„+i)^|afe| < \\Y^a,T\:'^'h^\\<Y,W\. (50) 

fe>l /c>l fe>l 

Again by Lemma ||, applied to the open projections s„ and 1, to the functionals t^"^^'' G A' ^ and to (|50|), 
there exist open projections G s„A"s„, fc < jn+i, with pairwise orthogonal closures in s„j4"s„ such 

that 

^(«+i)(|,(n+i)|)>||,(n+i)||(l„fki) (51) 
for k < jn+i- Since the projections have orthogonal closures we have 



E^'fc (I'^^D^i Vme7V„. 



1 

Therefore there exist an index fc„+i < a-nd an infinite subset iV„_|_i C iV„ such that 

gtF(l0™|) < < v™ e 7V„+i. 

Set p„+i = T„+i = rf;;+'\ Fn+i = Then (g), (||) and (||) hold for n + 1. Now we infer 

that 

(51) 



Pn+li\T„+l\) > ||7^,i+l||(l - 



4 

hence there is an index nin+i G i^n+i C A'„ as desired in (pm such that 



(l-S,,+,){l-:^)>Jl-sl^,, (52) 



■||0: 



p„+U^I^) > r^(l - 4+,) 1 - E ' (53) 
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because otherwise the fohowing estimates would contradict (52): 



Pn+llrn+l| 



(*) 
< 



1/2 



1 



1 - ■=■2 



Here inequahty (*) follows from pi|, III. 4. 7], Note that for a functional (j) with polar decomposition <j) ~ u\(j)\ 
one has \(f>s\ = |u|(/)|s| < \(j>\ by III. 4. 9] which explains inequality (**) below; now (|3^, n + 1) follows 
from 

P„+l(|0m„^J) > P„+l(|0m„ + iSn|) 



> 



1 

n 



71+1 



where the last inequality follows from the following completely elementary estimates: 

n 

^i-V2^)(i-4+i)(i-E^' 



> 



> 



i-^(E^^n(i-4+i)(i-E^^ 

n n 

i-^E-?)(i-^"+i)(i-E' 



n+l 



1-E 

1 

n+l 

1-E 



1 

n+l 



i-(i-4+i)E-?-(i + 7)4+iJE^? 

1 1 

n n+l n+l 

iE^?>(i-E-?)4E^? 



n+l 



i-E-0 + E-^(i--^-t)^i-E 



n+l 



since we assumed £i < | for all i G IN. Thus (|3^, n + 1) is proved. This ends the induction and the proof if 
A is unital. 

If A is not unital we consider its unitisation Ai = A® Cl on which multiplication is defined by (a, A) (6, /i) = 
{ab + Xb + fia, A/i). Note that if e A[ is a norm preserving Hahn-Banach extension oi cj) £ A' then \(j>\ e A[ 
is an extension of |0| g [To see this let w„ € A, |lwn|l < 1 be such that \\(f)\\ ~ ||(/)|| = lim0(it„). Then both 
III?!'! -Mn0|| ^ and II 101 - iun,0)4>\\ ^ by (I) of Lemma |. Hence, |0|((x,O)) = lim0((a;, 0)(un, 0)) = 
lim0((xM„, 0)) ~ lim 0(a;u„) = |0|(x) for any x = {x,0) G A.] Let be a norm preserving Hahn-Banach 
extension of 0,„. Then (|2^) remains valid and by what has been proved for the unital case we get normalized 
pairwise orthogonal positive (a„,A„) S Ai such that (a„,A„) < s and |0m^|((a„, A„)) > (1 — e)r'^ for an 
appropriate subsequence ((/>m„)- Since the (a„,A„) are pairwise orthogonal all (but possibly one) of them 
have A„ = whence |'?!'m„|(an) = l"^™,, l((an, 0)) > (1 — e)r^. Likewise, we get (|30|). 
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The last statement concerning selfadjoint functional has been discussed in the beginning of this section. ■ 
Acknowledgement I thank Dirk Werner for several helpful discussions. 
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